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1. Introduction

Generally speaking, geometric quantization is a scheme for associating Hilbert spaces to sym-
plectic manifolds. In case the manifold is equipped with the Hamiltonian action of a Lie group
G the Hilbert space one obtains by quantization should be a unitary representation of G. The
notion of geometric quantization was shown to be a powerful representation-theoretic tool when
Kostant and Kirillov initiated an orbit method of classifying the irreducible unitary representations
of simply-connected solvable Lie groups. This was a generalization of the Borel-Weil theorem to
certain classes of noncompact groups. All attempts to generalize this method to arbitrary groups,
however, have failed. But in spite of this the orbit method and geometric quantization in general
still have important roles to play in representation theory.

This paper attempts to give the definitions and main results of geometric quantization. In the
first section we briefly develop the theory of Hamiltonian actions on symplectic manifolds following
mainly [2]. The last section deals with geometric quantization itself and is drawn mostly from [5]
and [6]. The middle section is a digression on Hamiltonian torus actions culminating in a statement
of the celebrated Atiyah [1] and Guillemin-Sternberg [4] convexity theorem.

2. Symplectic and Hamiltonian Actions

Let G be a Lie group with Lie algebra g and let G act on the symplectic manifold (W,ω). A
vector field ξ on W is said to be symplectic if Lξω = 0. Since Lξ = diξ + iξd this is equivalent to
requiring that the 1-form iξω be closed. A vector field ξ on W is Hamiltonian if iξω is exact.

Now if ξ and η are symplectic vector fields on W then since i[ξ,η] = [Lξ, iη] we have

(1) i[ξ,η]ω = Lξiηω − iηLξω = (diξ + iξd)iηω − iη(diξ + iξd)ω = diξiηω

so that [ξ, η] is a Hamiltonian vector field.
Associated to any left invariant vector field X ∈ g is a vector field X on W defined by

Xpφ =
d

dt

∣∣∣∣
t=0

(etXφ)(p) =
d

dt

∣∣∣∣
t=0

φ(e−tXp).

The map X 7→ X is a Lie algebra homomorphism which we call the infinitesimal action of G on
W . The vector fields X are called the fundamental vector fields associated to the G-action. Notice
that g∗X = Ad gX for all g ∈ G.

The G-action is said to be symplectic if g∗ω = ω for all g ∈ G. If G is connected then this is
equivalent to the condition that all fundamental fields are symplectic.

Since the symplectic form ω is nondegenerate it provides an identification of Vect(W ) with
Ω1(W ) by ξ 7→ iξω. So if f ∈ C∞(W ) is any smooth function on W there is a unique Hamiltonian
vector field ξf , called the symplectic gradient of f , such that iξf

ω = df . If we define a Poisson
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bracket bracket on W by {f, g} = ξfg then by (1) we see that that d{f, g} = d(ξfg) = d(dg(ξf )) =
d(iξf

iξg
ω) = i[ξf ,ξg]ω so that ξ{f,g} = [ξf , ξg]. Thus the map f 7→ ξf is a Lie algebra map.

A symplectic G-action is said to be Hamiltonian if there exists a Lie algebra map µ̃ : g → C∞(W )
such that the following diagram commutes

(2) C∞(W ) // Vect(W )

g

µ̃

ffLLLLLLLLLLL

OO
.

That is, dµ̃X = iXω and µ̃[X,Y ] = {µ̃X , µ̃Y }. The map µ̃ is called a comoment map for the
Hamiltonian G-action.

A moment map µ : W → g∗ for the G-action is given in terms of the comoment map by
〈µ(p), X〉 = µ̃X(p).

Example 1. Consider the coadjoint action of G on g∗. Let O be an orbit. The tangent space
of O is generated by the fundamental vector fields. By definition these fields are given by Xα =
−ad ∗X(α). Because of this, the form ω on O given by ωα(Xα, Y α) = 〈α, [Y,X]〉 is well defined
and nondegenerate. Because g∗X = Ad gX it is clear that the G action on O preserves ω. If
we consider g ⊆ C∞(g∗) via the identification g = g∗∗ then we have (dX)αY α = 〈Y α, X〉 =
〈α, [Y,X]〉 = ωα(Xα, Y α) so that iXω = dX. Thus, iXdω = iXdω + diXω = LXω = 0 for all
X ∈ g. Therefore, ω is a symplectic form and the G-action is Hamiltonian with moment map
O ↪→ g∗ given by inclusion.

It is clear by the definition that any two moment maps differ by an element α ∈ g∗ such
that α|[g,g] = 0. In particular, the moment map is unique for semisimple groups. Moreover, the
following theorem due to Kostant [6] shows that for semisimple groups there is no distinction
between symplectic and Hamiltonian actions.

Theorem 2. Any symplectic action of a semisimple Lie group G is Hamiltonian.

Proof. By (1) and the fact that [g, g] = g we know that the fundamental vector fields are Hamil-
tonian. We can therefore chose an arbitrary lift λ : g → C∞(W ) such that dλX = iXω. This lift
can then be made into a Lie algebra homomorphism by adding a suitable element of g∗. ¤

Another fact that follows easily from definitions is that the induced map µ∗ : TW → g∗ is the
transpose of the map g → T ∗W given by X 7→ iXω. Thus, kerµ∗ is the ω-orthogonal of the
tangent space to the G-orbit. Hence, the rank of µ at p ∈ W is equal to the dimension of G · p.
Since dim G · p = dim G − dim Gp we see that µ is a submersion at p ∈ W if and only if Gp is
discrete. Moreover, it follows that µ has zero rank at all fixed points of G.

If the group is connected then the moment map is G-equivariant with respect to the coadjoint
action of G on g∗. This follows from the fact that the respective fundamental vector fields are
µ-related.

3. Torus Actions

By the previous discussion we know that the fixed points of a Hamiltonian action correspond
to certain critical points of the moment map. Furthermore, the equivariant tubular neighborhood
theorem tells us that this set of fixed points is a submanifold of W . These two facts suggest that
Morse theory might have a role to play in analyzing Hamiltonian torus actions.
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Let (W,ω) be a symplectic manifold endowed with a Hamiltonian action of a torus T with
moment map µ : W → t∗. Let X ∈ t generate T in the sense that etX is dense in T . Let
H : W → (RX)∗ = R be defined by H = i∗ ◦ µ where i : RX → t is inclusion. It follows by
definition that H = µ̃X so that X is the Hamiltonian field associated to H. That is, iXω = dH so
that the critical points of H are the zeros of X or, as X generates T , the fixed points of T . The
function H is called an almost periodic Hamiltonian.

With the help of a Riemannian metric one derives a calibrated almost complex structure J and
a hermitian metric. Of course the T -action is symplectic so if the Riemannian metric is chosen to
be T -invariant then T will preserve J and the Hermitian form. Thus if z ∈ W is a fixed point of
T we see that T acts unitarily on the complex vector space TzW , that is to say, as a subgroup
of U(n). Notice that all these transformations are diagonalizable: the exponential map t → T is
onto and t sits inside u(n) (the skew-Hermitian matrices). So as T is commutative there is a basis
of TzW in which all the elements of T are diagonalizable. This allows us to give an eigenspace
decomposition

(3) TzW = V0 ⊕ V1 ⊕ · · · ⊕ Vk

where V0 is the subspace of fixed points of T .
Since the Riemannian metric is T -invariant the map expz : TzW → W is equivariant. Thus if Z

is the submanifold of fixed points we see that TzZ = V0. We have therefore proven

Theorem 3. The set of fixed points Z of a Hamiltonian torus action is a symplectic submanifold
of (W,ω).

Proof. Indeed, we have shown that Z is an almost complex submanifold of W . Thus, for any ξ ∈
TpZ we have Jξ ∈ TpZ so that ω(ξ, Jξ) 6= 0 since the almost complex structure is ω-calibrated. ¤

Since XH ∈ t ⊆ u(n) we see that eXH acts on Vj by multiplication by some scalar e−iλj for
λj ∈ R. Further, since XH generates T we have that λj is nonzero for j 6= 0. If v1

0 , . . . , vr
0, v1, . . . , vk

are local coordinates corresponding to the decomposition (3) and if vj = pj + iqj then as ξH = XH

we have that

(4) ξH =
k∑

j=1

λj(qj
∂

∂pj
− pj

∂

∂qj
)

in these coordinates. With the help of the equivariant Darboux theorem there is a neighborhood
U of 0 ∈ TzW and an equivariant map φ : U → W such that φ∗ω is the constant form

∑
dpj ∧dqj .

So from (4) it follows that dH =
∑k

j=1 λj(pjdpj + qjdqj) so that H = H(z) + 1
2

∑k
j=1 λj(p2

j + q2
j )

in these coordinates.
From this local formula for H it follows that its second derivative H∗∗ is diagonal with each λj

occurring twice so that it is nondegenerate on V1 ⊕ · · · ⊕ Vk (i.e., transverse to Z) and its index
(the number of negative diagonal entries), is even. Thus, we have shown

Theorem 4. An almost periodic Hamiltonian H associated to a Hamiltonian torus action is a
Morse-Bott function all the critical submanifolds of which have even index.

Knowing this we can apply the standard techniques of Morse theory to analyze Hamiltonian
torus actions. For instance, we can show fairly easily one of the key results of [1]:

Theorem 5. If H is an almost periodic Hamiltonian associated to a torus action on a compact
symplectic manifold (W,ω), then H has a unique locally minimal submanifold and a unique locally
maximal submanifold; moreover, all of its nonempty levels H−1(t) are connected.
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Proof. The key step in the proof is to show that all of the subsets Wa = {p ∈ W | H(p) ≤ a} are
connected. If some Wa is not connected then in order to connect all the pieces (as W is connected)
we must pass through a critical level for which the sphere bundle of the negative normal bundle is
disconnected. This can only happen if the index of the critical level is 1, which it cannot be. ¤

Because of the local description of the action given above in (3) we see that the connected
components of the fixed submanifold must be separated. Thus, if W is compact there can be only
finitely many such components. Since the moment map has rank zero on the fixed set we know
that the images of these components under the moment map must be single points. Tying this all
together is the convexity theorem of Atiyah [1] and Guillemin-Sternberg [4].

Theorem 6. Let (W,ω) be a compact symplectic manifold with Hamiltonian torus action. Let
Z1, . . . , Zm be the connected components of the fixed submanifold and let µ(Zj) = cj ∈ t∗. The
image of the moment map is the convex hull of the points c1, . . . , cm.

4. Geometric Quantization

The theory of Hamiltonian actions plays an important role in the theory of unitary represen-
tations of Lie groups. In this section, as usual, we let (W,ω) be a symplectic manifold with
Hamiltonian action of a connected Lie group G.

If ω is a symplectic form on W then it defines a DeRham cohomology class [ω] in H2(W ). The
form is said to be integral if [ω] is in the image of the Weil homomorphism Ȟ2(W,Z) → H2(W ).
Kostant shows in [6] that ω is integral if and only if there exists a complex line bundle L over W

with connection ∇ and ∇-invariant Hermitian structure h such that ω = curv (L). Moreover, the
number of such bundles, up to equivalence, is classified by the character group of π1(W ). The data
(L,∇, h) are called prequantum data on W .

There is a canonical representation of g on smooth sections of L given by

(5) X · s = ∇Xs + 2πiµ̃Xs.

The prequantum data is said to be G-invariant if there is a lifting of the G-action to L such that
the induced action on sections is given by (5). A theorem of Palais [7] shows that such a lifting
always exists if G is simply connected.

In order to pass from prequantization to quantization one needs the concept of polarization.

Definition 7. A polarization of a symplectic manifold (W,ω) is an integrable complex Lagrangian
subbundle F of the complexified tangent bundle TW ⊗ C. The polarization is said to be positive-
definite if the Hermitian form iω(v, w̄) is positive definite on each fiber Fp.

Now if a symplectic manifold (W,ω) is equipped with G-invariant prequantum data (L,∇, h)
and a polarization F we say that a smooth section s : W → L is holomorphic if ∇ζs = 0 for all
vector fields ζ taking values in the conjugate bundle F̄ .

Our use of the word “holomorphic” is not coincidental as the following theorem shows.

Theorem 8. Any symplectic manifold possessing a positive-definite polarization is Kähler.

Proof. Since the form iω(v, w̄) is positive-definite on F it follows that F ∩ F̄ = 0. Because of this
fact we can define an almost complex structure J on W such that Fp = {v− iJv | v ∈ TpW}: just
set Jv = w whenever v− iw ∈ Fp. Since F is Lagrangian we have ωp(v− iJv, w− iJw) = 0 for all
v, w ∈ TpW . Evaluating the real and imaginary parts of this equation we see that J preserves the
symplectic form and that the bilinear form ωp(Jv, w) is symmetric. Since iω(u, ū) = 2ω(Jv, v) for
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u = v − iJv ∈ F we see that the form ωp(Jv, w) is positive-definite. That is, J is calibrated to ω.
Because F is integrable we see that the almost complex structure is actually complex. ¤

This theorem shows that a positive-definite polarization F equips W with a complex structure
for which the vectors in F are the holomorphic tangent vectors. Because of this we sometimes say
that a polarization F is Kähler if F ∩ F̄ = 0.

Let S denote the space of all sections of L and let SF denote the space of all holomorphic
sections. The G-action on S is given by gs(p) = g(s(g−1p)).

Theorem 9. If the polarization F is G-invariant then the G-action preserves SF .

Proof. Since the G-action on L is connection preserving we know ([6], Lemma 1.11.2) that for any
section s and any ξ ∈ TpW ⊗C we have ∇ξ(gs) = g(∇g−1

∗ ξs). The result follows from this formula
and the fact that F (and therefore F̄ ) is G-invariant. ¤

Hence, we obtain a representation of G on the space of all holomorphic sections. If W is compact
then by using the hermitian form h on L and the Liouville measure on W we obtain a Hilbert
space structure on SF by

(6) ||s||2 =
∫

W

|〈s, s〉|2.

As h is G-invariant this representation is seen to be unitary. In case W is noncompact we cannot
simply use the Liouville measure to give SF a Hilbert space structure, but must instead use half-
densities.

This method of associating of a unitary representation to a Hamiltonian action which we have
just described is what we call geometric quantization. When the Lie group is compact and the
symplectic manifolds under consideration are the coadjoint orbits then geometric quantization is
the same as the Borel-Weil theory. In particular, all irreducible unitary representations of G in
this case arise by quantizing coadjoint orbits. It was the insight of Kirillov and Kostant to apply
geometric quantization to the noncompact case. This approach led to the following theorem of
Auslander and Kostant [3].

Theorem 10. Let G be a simply-connected solvable Lie group and O an integral coadjoint orbit
(so that O possesses a G-invariant prequantization). Then this orbit can be quantized to obtain an
irreducible unitary representation of G. Moreover, if G is of Type I then any irreducible unitary
representation can be obtained in this way.
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